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Abstract: When data comes from a distribution belonging te the domain of
attraction of a stable law, Athreya (1987a) showed that the bootstrapped sample
mean has a random limiting distribution, implying that the naive bootstrap
could fail in the heavy-tailed case. The goal here is to classify all possible
limiting distributions of the bootstrapped sample mean when the sample comes
“rom & distribution with infinite variance, allowing the broadest possible
~etting for the (nonrandom) scaling, the resample size, and the mode of
convergence (in law). The limiting distributions turn out tc ™e infinitely
divisible with possibly random Lévy measure, depending on the 2sample size.

An averaged-bootstrap algorithm is then introduced which eliminates any
randomness in the limiting distribution. Finally, it is shown that (on the
average) the limiting distribution of the bootstrapped sample mean is stabtle if
and only if the sample is taken from a distribution in the domain of (pavtial)
attraction of a stable law.
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1. INTRODUCTION
The bootstrap (Efron (1979)) is a resampling technique for nonpara-
metrically modeling the distribution of a general statistic Tn = Tn(%n:F).

where %n = (X ...Xn) is a random sample of size n from a population

i’

distribution F. Bootstrap "replicates" T: = Tm (@m ;Fn) of the statistic are
n n

generated by resampling @m = (Yl""'Ym ) from the empirical distribution Fn of
n n

{X .,Xn}, i.e., the Yi's are conditionally iid with distribution having mass

1
%-at each of the points Xl""'xn’ The conditional distribution 2(T:|%n).
which is necessarily random, is intended to approximate the true nonrandom
distribution Q(Tn).

In the present paper we deal only with the simplest statistic Tn’ the
standardized sample mean. The sample mean is the easiest statistic to handle
analytically, and if the bootstrap algorithm fails for this simple statistic,
we cannot expect it to succeed for more complex statistics. Our work is
motivated by the results of Bickel and Freedman (1981), Singh (1981), Athreya
(1986a,b, 1987a,b), Giné and Zinn (1990a,b), Arcones and Giné (1989), Hall
(1990), and Knight (1989).

We denote by Hn(x) the conditional distribution function of T: given %n,
H (x) = P(T* <x | %), where TS = a'-1 Emn (Y;-c_) is the bootstrap version of
n - n n’' n ‘n “i=1"'i P

the sample mean with possibly data-driven scaling a and centering c, (cn = fh
vhen F has finite mean, and otherwise c = 0), and with (nonrandom) resample
size m (which may differ from the original sample size n). As Hn(x) is a
random distribution function, several modes of convergence are possible (such

as convergence a.s., in probability, in law), and the limit may be random or

nonrandom. We judge the performance of the bootstrap by asymptotically
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comparing Hn to £, the limiting distribution of the standardized sample mean
Tn. We now review some of the known results on the bnotstrap. Each of these
results involves specific assumptions on & and C for which the reader is

referred to the original papers.

A. (Sufficient conditions.)
(A.1) (Bickel and Freedman (1981)) If F has finite variance and m -,
then

a.s.
sup B (x) - ¢,(x)| 533 0

here £ is the standard normal distribution.
(A.2) (Arcones and Giné (1989)) If F belongs to the domain of attraction
of the normal law and m —®, then

P
sup [H (x) - £ (x)] —2 0;
«€R n © n-

here £ is the standard normal distribution. (See Athreya (1987b) for mn=n.)

(A.3) If F belongs to the domain of attraction of an a-stable law, 0<a<2,
then

(i) (Athreya (1987a)) if m_=n, the bootstrap fails (in fact Hn(x)
converges in law to a random distribution which differs from £ _, an a-stable
distribution);

(ii) (Athreya (1987b)) if mn/n~—» 0, the bootstrap works in probability,
i.e., the conclusion of (A.2) holds with an a-stable law £ ;

(iii) (Arcones and Giné (1989)) if (mn/n) loglog n — 0. the bootstrap
works a.s., i.e., the conclusion of (A.1) holds with an a-stable law &£ _.

(A.4) (Hall (1990)) If F has slowly varying tails and one tail completely

dominates the other, and m =n, then the bootstrap fails (in fact Hn converges
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in probability to a nonrandom Poisson distribution).

B. (Necessary conditions.)
(B.1) (Arcones and Giné (1989)) If inf mn/n > 0 and for some possibly

random distribution H(x),
W
Hn( )nTm)H( ) a.s.

then F has finite variance, and H is ¥ (the standard normal distribution).
(See Giné ana Zinn (1990b) for m_=n).
n
(B.2) (Arcones and Giné (1989)) If m -—®, a are nonrandom, and for

some possibly random distribution H(x),
W
Hn( ) -1 H(*) in probability,

then F belongs to some domain of partial attracticn and H is ¢ (an infinitely
divisible distribution). If furthermore lim infnqm mn/n > 0, then F belongs to
the domain of attraction of a normal law, and H is £ (the standard normal
distribution). -

(B.3) (Hall (1990)) If m =n, a_are possibly random, and for some
nonrandom distribution H(x),

Hn(°) —> H(+) 1in probability (at continuity points of H),
n—o

then either F belongs to the domain of attraction of a normal law and H is &£
(the standard normal distribution), or F has slowly varying tails with one tail

completely dominating the other and H is a Poisson distribution.

Our interest is to extract information from Hn in the broadest possible
setting, i.e., with minimal restrictions on the underlying distribution F, the

resample size m, and the standardization a and c and allowing the weakest
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form of convergence (in law) to a possibly random limit. Our goal is to
classify all possible limiting distributions, and then to eliminate any
randomness in the limit.

¥hen F is general with infinite variance,- assuming nonrandom a ., we give
in Section 2 necessary and sufficient conditions for weak convergence of the
finite dimensional distributions of {Hn(x), -o{x{w}, and we classify all
possible limits. The result (Theorem 1) shows that Hn may have a limit even
when the sample mean does not, and that the limit of Hn is always infinitely
divisible with possibly random Lévy measure, depending on the choice of the
resample size m.

For the case where Hn(x) has a random limit, we introduce in Section 3 an
averaged-bootstrap algorithm and show in Theorem 2 that the averaged-bootstrap
distribution converges a.s. to a nonrandom limit, G(x)., which is the expected
value of the random limit of Hn(x). If G contains useful information about £ _,
then averaged-bootstrap resampling is useful, i.e., bootstrap resampling is
still worthwhile on the average.

In Section 4 we apply these results to population distributions in the
domain of attraction of a stéble law. VWe show that the random limiting
distribution of Hn(x) obtained by Athreya (1987a) with a data-based scaling, is
not stable even on the average (Theorem 4). However, with a nonrandom scaling,
the averaged bootstrap actually yields a stable distribution with the same
index as £ but with possibly different skewness and scale parameters (Theorem
5). Appropriately adjisted, the averaged-bootstrap algorithm works a.s. in
some cases, i.e., yields the correct skewness and scale of £ (Theorems 6 and
7). Moreover the limit distribution G of the averaged bootstrap is stable if
and only if F belongs to the domain of (partial) attraction of a stable law

(Theorem 8).




2. GENERAL POPULATION DISTRIBUTION WITH INFINITE VARIANCE

A fundamental question is: What are the possible limits of the
bootstrapped conditional distribution e(T:Ian) vhen we do not have any
restriction on the population distribution F, the resample size m and the
scaling a . We consider on the one hand general population distributions F
with infinite variance (i.e., without the domain of attraction restriction of
results A), and on the other hand we allow general resample size m and
convergence in distribution of Hn (rather than the more restrictive a.s. or in
probability convergence of results B).

The following theorem gives necessary and sufficient conditions,
explicitly in terms of the univariate distribution F of X, for the convergence

in law of 2(T:|an) and describes the possible limits.

Theorem 1. Assume the population distribution F has infinite variance, a, is

nonrandom,

-2

(1.0) m —® a —® ma”-—0 as n — o,
and when F has finite mean, assume furthermore

(1.1) lim lim n P{|X] > a_ max(M,en/m_)} =0 for all € > O,
M0 -0 n n

-1
(1.2) }1{2 x];-i-:; m a_ "E{ IXITelx] 2 Ma . Ix] ¢ ean/m )} =0 for some & > 0.

Then
(1.3) {H (%), .. H (%)) == {H(x;),....H(x)}

for some possibly random distribution function H(x), any integer k and
Xpvooos ¥y € R, if and only if the following three conditions (1.a)-(1l.c) are
satisfied:

(1.a) There exists a Lévy measure A, such that for all y>O0,




-1
lim mnP(an X>y) =Aly,»)

n—x0 » if mn/n = c€ [0,2),
lim mPP(an X <{~y) = AM(~»,~y]
n»
1im n P(a_1]X| > y) = 0 if lim m/n > 0, m./n + ¢ € [0,%),
n n n
n-x -
or
lim m P(a_1|X| > y) = 0 if 0= limm/n < Timm /n.
n-0 n n n-x n-»

(1.b) There exists a Lévy measure v on (0,®) such that

lim lim n P(|X] ¢ a €. 1X] > ahJén/mn ) = v(5,»)
e=0 n-

for every 6 > O such that v{6} = 0.

(1.c) For all & > O such that v{6} = O, there exists o, such that

o

lim lim mna;? E{X21[|X| < anmin(e.vﬁn/mn)]} = a%.
e-0 n—

In this case, the possibly random characteristic function ¢H(-) corresponding
to H(*) is

m
exp{~ 3t%0° + J7 [l *l-itr(x)JaN(x) }  1f 22— o,

122

(1.4) wH(t) = ¢ exp{- 5t0" + cffm [eitx

-1-it7(x)]dN(x) } if ;E-—* c € (0,»),

exp{- %t202 - étzw } otherwise,

where 02 = limslo ag, 7(x) = x if F has finite mean, and 7(x) = O otherwise, N
is a Poisson random measure with intensity measure cnlk, 02+W 2 0, and the
characteristic function ¢w(u) of W is exp{fg(eiux—l)dv(x)}. Furthermore, the
expected value G(x) of H(x) has characteristic function wG(t) (= Ewﬂ(t)) which

is always infinitely divisible with the following form




7

m
(1.5) exp{- %tzaz + 50 eitx-l—itr(x)]dk(x) } if EE.-a»o,

ol

o(t)=texp(- £:%° + ¢ U7 (exple(e? F-1-1t7(x))] - 1}aA(X)} 1f ;:B—-o c€(0,®)

exp{~- %tzaz} Eexp{- %t2W} otherwise.

Theorem 1 classifies all possible weak limits of 2(T:|an). They are
either the law of an independent sum of a Gaussian r.v. and a compound Poisson
r.v. with possibly random Lévy measure, or else the law of an infinitely
divisible scale mixture of a Gaussian r.v., i.e., a Gaussian law with zero mean
and random infinitely divisible variance. The (possibly random) variance of
the Gaussian component and the Lévy measure of the compound Poisson component
depend on the choice of resample size and standardization.

Conditions (1.1) - (1.2) ensure that the tails of the integrals in (1.4)
when F has finite mean are eventually megligible. The Gaussian component of
the limit has variance 02 determined by the asymptotic behavior of a certain
truncated second moment of F, described in (1.c). The compound Poisson
component of the limit is determined by the tail behavior of F described in
"(1.a). And the Gaussian mixture has an infinitely divisible variance whose
Lévy measure v is determined by the asymptotic behavior of a certain truncated
probability described in (1.b).

The form of the limits (1.4) and (1.5) can be interpreted as follows. The
bootstrap resample comes from the empirical distribution Fn. If we take the
resample sizc m much smaller than the original sample size n (mn/n — 0), then

from the perspective of the resample @m (mn large), Fn is essentially like the
n

nonrandom population distribution F. Thus the distribution of the bootstrapped
sample mean will yield a deterministic limit if it exists (as in (1.4)). This

phenomenon appears in the literature in other contexts (see Bretagnolle (1983)




and Swanepoel (1986)}).
Another interesting e¢ffect arises from the fact that Fn has finite support
(trivially symmetric teils). If we take the resample size m much larger than

the original sample size n (mn/n — ©), then @m is like a very large sample
n

from Fn (rather than F). Hence the structure of Fn (symmetric tails) will be
reflected in the limiting distribution H, which indeed is always symmetric in
this case (provided it exists).

Under conditions (1.a)-(1.c), the limit H, or its expected value G, may
contain some information about £ . This suggests that Hn. or its expected
value EHn, may contain some information about Q(Tn). In Section 3, we develop
the averaged-bootstrap algorithm in order to extract this information.

There are many distribution functions with infinite variance whi.h do not
belong to the domain of attraction of any stable law, i.e., whose sample mean
does not have a limiting distribution. Theorem 1 suggests the existence of a

limit for Q(T:I%n) in some such cases.

3. AVERAGED BOOTSTRAP

In Section 2 we have classified all possible limiting (con¢ ional)
distributions of T:. It is clear from Theorem 1 that the limits may be random,
and therefore different from the nonrandom limit £ of Q(Tn) when it exists,
e.g., when F belongs to some stable domain of attraction. The question arises:
How can we extract useful information about ¥ ? For this purpose we now
introduce the averaged-bootstrap algorithm.

Partition the data set into en blocks, each having kn observations,
n=enkn, as follows:
an = (Xl,....Xk .Xk +1.....X2k y o eee ,X(e ~1)k +1,...,Xe k ).

N G S

& o o %

n n
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Instead of bootstrapping the entire sample an to obtain T = ahlzinl (Yi—cn). we
apply the bootstrap algorithn within each block j=1,...,8n to obtain a

block-bootstrapped version of the sample mean

"

* n

Jakn zi 1 JYi jckn)'

where {j T 1g1gmk } are resampled from the jth block jak , i.e., they are
n n

conditionally independent with common distribution

1
P(jY = x(j 1)k +i | jak ) = k_' I<icky

The conditional distribution of the block-bootstrapped sample mean jT; is
n

denoted by
2
e @) = P(T <x | ).

In T* we use ¢. = X_if F has finite mean, c_= O otherwise; and in .T* we use
n n n n J kn

- X . th
jckn-jxkn (the sample mean in the j  block) if F has finite mean, jck
2
otherwise. For a data-driven scaling, we use jak =2y (jak ) in ka )
n n n n
R 2
analogously to using a = ah(%n) in Tn'
Note that {ij (x), 1gjgen} are iid random distributions; their average is

denoted by

Hn(x) = -e—'j 2 ij (x),

and is referred to as the averaged-bootstrap distribution.
We now show that the averaged-bootstrap algorithm converges a.s. when the

standard bootstrap algorithm converges in law (the weakest possible mode).
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Theorem 2. If en = na, 0<641, and for each x € R,

¢
Hn(x) n--_m) H(x),

where H(x) is a possibly random distribution function, then for each x € R
T a.s.
Hn(x) n—r G(X) ’

where G(x) = EH(x). Furthermore if G(x) is continuous, then the convergence is

uniform in x.

Thus the averaged-bootstrap algorithm produces a nonrandom limiting
distribution G(x), and it is of interest to investigate the relationship
between G and €. If G and ¢ agree, then the averaged bootstrap works a.s.

and ﬁ; contains useful information about Q(Tn).

4. - APPLICATIONS TO POPULATION DISTRIBUTIONS IN DOMAINS OF ATTRACTION

In this section we apply Theorems 1 and 2 to population distributions in
the domain of attraction of a stable law. Each of the stated results (except
Theorem 3) includes two parts. First we establish convergence of the random
distribution Hn(x) to a possibly random limiting distribution H(x), using
Theorem 1 when appropriate. Secondly, an explicit expression for G(x) = EH(x)
is obtained, again using Theorem 1. By comparing G with £ _, we can in each
case determine whether the averaged bootstrap (ﬁ;) is of any practical use (via
Theorem 2).

Before stating our results we briefly review the stable laws S(a,B,s) with

index a € (0,2], skewness B € [~1,1], scale parameter s 2> O (the actual scale

is sl/a: here for simplicity we use s instead), and characteristic function:
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exp{-s|t|*[1 - iBtan(aw/2)sgn(t)] }. a #1,
o(t) =

i}
[y
.

oxp{-s|t|[1 + 18R logt]sen(t)] }, @

A distribution function F belongs to the domain of attraction of a stable law
with 0<a<2, denoted F € D(S(a,B,s)), if and only if there exist constants
€1+ > 0, and a slowly varying function L(x) such that 1-F(x) ~ clx-aL(x).
F(-x) ~ c2x_aL(x). as x — ®, vwhere 8 = (cl-cz)/(c1+c2). F belongs to the
domain of attraction of a Gaussian law (a=2) if and only if E{X21(5X|$x)] is a
slowly varying function L(x). F belongs to the normal domain of attraction of
a stable law, denoted by F € DN(S(a,ﬁ.s)), if and only if F € D(S(«,B,s)) with
L(x) = ¢ for some constant ¢ > 0. These are precisely the distribution
functions whose sample means (properly normalized) have limiting distributions,
i.e., F € D(S(a,B,s)) (respectively DN(S(a,B,s))) if and only if there exist An
> 0 and Cn € R such that A;l(nih—cn) converges in law, in which case the

limiting distribution £ is S(a,B.s) and An = nl/aL(n) (respectively
A = nl/a).
n

When F € D(S(a,B,s)), it can be easily verified that the statements (A.2)
and (A.3) (ii) in Theorem A can be derived from Theorem 1. Namely there exist
appropriate scaling a and resample size m such that the bootstrapped sample
mean has asymptotic limiting distribution as given in Theorem 1, depending on
the resample size. On the other hand, if the bootstrapped sample mean has a

limiting distribution, then the limit, the scaling and the resample size

necessarily must satisfy certain conditions described as follows.

Theorem 3. Assume F € D(S(c,B,s)) has infinite variance and assumptions

(1.0)-(1.2), (1.3) hold. Then {an} satisfies

lim m a ¢ L{a_) = constant if m /n — c € [0,9),
o DD n n
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lim n(a_vh/m )-aL(a vh/m_) = constant if m /n — o,
pwo DM n n n

Moreover, if a=2, then H is a nonrandom normal distribution.

Now we examine the performance of the averaged bootstrap with Athreya’s

(1987a) data-driven scaling.

Theorem 4. If F € D(S(a,B,s)), @ #2, m =n, and Athreya’s data-driven
scaling an(xn) = Xn n (the sample maximum) is used, then (1.3) holds and G(x)

has characteristic function

c, exp(f (1))

o + JLI1 - exp(t ()10 (x)

¢glt) =

1tx

where ft(x) = e~ "=l-ita(x). a(x) = 7(x) iIf a # 1, a(x) = T(X)I(I#lﬁl) if

a = 1, and the measure Aa satisfies for all ~v > O,

Rd[x.m) = clx-a, Aax-w.-x] = czx-a.

Since g is quite different from the characterisiic function of &£, the
bootstrap fails even on the average with this scaling. Note that this
data-based scaling results in a bootstrap algorithm which uses no specific
features of the population distribution F other than the knowledge that it
belongs to the domain of attraction of some stable law. However with an
appropriate nonrandom scaling, the averaged-bootstrap algorithm can be improved
in the sense that G is stable with the same index as ¢, but with generally

different skewness and scale.

Theorem 5. If F € D(S(a,B,s)), 1 # a € (0,2), m =n and a isa nonrandom

scaling based on the population distribution as follows:

n P(X 2 an) o 1,
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then (1.3) holds and G(x) is S(a,pdz(a).sdl(a)), where

[+ )

-1 K
e [ b3 )] + 1], 1<al2,
=1
dl(a) N ” a
el s ‘]:—,- : 0<a<1,
=1 °
2 1<al2,
_ d (o) *
d2(a) 1
1, 0<al1.

When a=1, G(x) is not Cauchy even with the above nonrandom scaling, and
its characteristic function has a form more complex than that in Theorem 3 and
is therefore rot shown here.

Note that in each of the intervals (0,1) and (1,2), dl(a) is increasing,
infinitely differentiable with all derivatives positive and d1(0+) = 1—e-1.
dl(l-) =1, d1(1+) = 2/e, d1(2—) = 1; see Figure 1 (c=1). Therefore the scale
of G is smaller than that of £ . The factor dz(a) is also increasing on (1,2)
with d2(1+)=0, d2(2—) = 1-2/e; see Figure 2 (c=1). Hence the skewness de(a)
of G is the same as the skewness B of £ for a € (0,1), and has the same sign
but is reduced by a factor of at least .736 for a € (1,2).

When F belongs to the normal domain of attraction of a stable law, the
bootstrap algorithm can in some cases be appropriately modified so that the
averaged bootstrap will work. The simplest cases are when 0<a{l (so there is
no reduction in skewness) or when the skewness is known, e.g., in the symmetric
case. Then only a scale adjustment to the algorithm, depending on the index «,

is necessary; when a is unknown, an appropriate estimate may be used.

Theorem 6. If F € Dy(S(@.B,s)), m =n, either 0 < a < 1 or § =0 and

. 1/a_(%.) .
1#ac€(0,2), and an(%n) = [n dl(an(%n))] D07 where an(%n) is an estimate
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of a satisfying (an—a) log n n—P—_”—i 0, then (1.3) holds and G = ¢, both being

S(a,B,s).

For instance the estimate of a given in Hall (1982) works in Theorem 6.

Notice the skewness of G in Theorem 5, BG = 362(11), is always smaller in
absolute value than the skewness B of ¢  when 1<a<2. Hence if prior to
bootstrapping we transform the original data into new data belonging to the
domain of attraction of a stable law with skewness Bd;l(a). and if we then -
appropriately adjust the standardization as in Theorem 6, using estimates of «
and B if necessary, we obtain a bootstrap algorithm which works or the average

provided |B| ¢« 1).

Theorem 7. Assume F € D (S(a B.s)), 1 # a € (0,2), |B] ¢ d2(a) and a .B are

consistent estimates of a and B, satisfying

~ P
(an—a) log n 1'1—-;;’0 if0o<a<1,

1 1/a ” P 1 1/, 7

(a a)n_mO. (B B)-—)O if1<a<2.

Transform the data dn to Zn as follows:

+ A ~ + -
Zi=b(an'Bn) Xi—b(a B)X ,
where

b = b'(c.B) = (1-B)[14/dy(@)], b = b (a.B) = (14B)[1-B/dy(e)] .

and consider the bootstrapped sample mean Tz = a--1 El;_l(Yi - cn). where

n
Z ifad>l
21/ )
= [nd,(a )(1-p)1 %, ¢ =4 P
0 ifa<l,

m =n, and {Yi}ril=1 are resampled from {Zi}?=1‘ Then (1.3) holds and G = &£,
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both being S(a,B,s).

For instance the estimates of a and B given by Zolotarev (1986) work here.
Up to now we have discussed in detail that when F € D(S(a,B,s)) and
m =m, the expected value G of the limiting distribution H is a-stable, with
possibly different skewness and scale from £, and how to make bootstrap
resampling work a.s. by using the averaged-bootstrap algorithm. The following
theorem shows, without any restriction on the resample size m that G is
a-stable if and only if F belongs to the domain of (partial) attraction of an

a—-stable law.

Theorem 8. Assume (1.0)-(1.2) and (1.3) hold.

(i) 1f mn/n — ¢ € (0,9], then G(x) is a-stable with 1 # a € (0,2] if and
only if F € D(S(a,B.s)).

(11) 1f m /n — 0, then G(x) is a-stable with 1 # a € (0,2] if and only if
F belongs to the domain of {mn}-partial attraction of an a-stable law

-1. =
(F € {mn}-Dp(S(a,B,s)). i.e., An (mnan—Cn) converges in law for some An >0

and C_ € R).
n
In either case G(x) is Gaussian with mean zero and variance d(2,c) if
a = 2, otherwise
S(a, B, sd(a,0)) if mn/n — 0,
o(x) is S(a, Bdy(a,c), sd(a,c)d,(a.c)) if m/n—cé€ (0,%),
S(a, 0, sd(a,®)[2%cos(ar/4)]") if m /n >,
where

li: mnana'L(an) if mn/n — c € [0,%),

d(c, = n
(c) lim n(an\AT/mn)-aL(an\/ﬁ-/-mn) if mn/n — ®,

n-xo
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© k .
¢ 3 & [(kt1-c) ¥ - (k-e) 71y, 142,
dl(a.c) = k=0 ™°
o -1 © K
e 3 Ik 0<a<1,
k=1 ™
e © - ck I Ia—l I la—l
———— 3 == [ |k+1-c -lk-c 1, 1<al2,
dl(a.c) k=0 k!
d2(a,c) = k#c-1,c
1, 0<al1,
and x<p>=|x|psgn(x).

Therefore if the resample size m satisfies mn/n<—» c € [0,»), the
averaged-bootstrap algorithm works with the appropriate standardization given
in Theorem 3, using appropriate adjustments on the skewness and scale
parameters as in Theorems 6 and 7, provided F € DN (S(a,B.s)). When mn/n~—9 ®,
the averaged-bootstrap distribution eventually loses all skewngss and becomes
symﬁetric. In this case the averaged bootstrap works when F € DN(S(a,O.s)).
again using appropriate standardization and adjustment orn the scale parameter
as in Theorem 6.

Figures 1 through 5 illustrate the behavior of the distortion factors d1
and d2, as functions of a € (0,1)U(1,2) and of ¢ > 0. For fixed a, there is
essentially no distortion (i.e., d1 X 1 and d2 % 1) when the resampling
proportion ¢ is sufficiently small (although the rate of convergence may be
very slow, e.g., Figure 3); this agrees intuitively with the case mn/n — 0.
Distortion in the scale parameter can also be nearly eliminated by taking
mn/n % 2/3, regardless of the value of a € (1,2) (see Figures 1 and 3). For
a€(1,2), the distortions in both scale and skewness increase dramatically as c
initially increases from zero; for c¢>1, these distortions remain fairly stable

(see Figures 3 and 5). In general there is less distortion as we approach the
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Gaussian case, i.e., a T 2 (see Figures 1,2,3,5).

5. PROOFS
5.1. PROOF OF THEOREM 1.

We prcvide the proof only in the case where F has finite mean: when the
mean of F does not exist or equals i®, the proof is essentially the same, in
fact simpler since c.= 0.

Athreya (1987a), Theorem A, shows that (1.3) is equivalent to

(5.1) {cpHn(tj). j=1.....k} n%o’{“’n(%)' j=1,....k}
for all k 2 1, tj € R, j=1,....k, where
1T, ) m
o (6) i=ECe ) = [1+ =y (1™,
with
6) 1= B 3D (a7l X
\“n( ) o= n j___.l t{a’n ( j— n)}
(5.2) =(, J+ T ()N (x) = J(t)+]__(t).
IXISE lxl)e t n n,e n,e
ft(x) = eitx—l-itx, for any Borel set A C R,
™ -1 T
(5.3) N (A) := = z’J.‘:er{an (X% )}

and for any x € R, Nn(x) i= Nn([x,w)) if x 2 0, and Nn(x) t= Nn((~w,x]) if

x < 0. In turn (5.1) is equivalent to

(5.4) Wa(t)e d=1,... k) 3 (log oy(t)), §=L.....K)

(see Theorem 5.5 in Billingsley (1968)), and by the Cramér-Wold device, to




k

k
lebj‘pn(tj) 'ﬁ'_;)’ 321})3 log ‘PH(tJ)

¢

for arbitrary bl""’bk'

We find the necessary and sufficient conditions for k=1, i.e., for
wn(t) 5%3 log wH(t) for fixed t € R. The conditions and the proof are
essentially the same for any k.

In a series of lemmas we find necessary and sufficient conditions for the
convergence in law of all finite dimensional distributions (fdd’s) of n,eJ(t)
and Jn.e(t) in (5.2), and then prove that all fdd's of their sum converge in
law if and only if those of both n,eJ(t) and Jn.e(t) converge in law.

Ve define ordered convergence in law, and in probability, of doubly

indexed random variables Xn e 23S follows:

1txn 3 itX
2 - lim lim X =X iff Vte€R, lim limE e ' =E e

n,e
s e-0 n-w : . e-0 n-

P - 1lim lim Xn e X iff V6 >0, lim lim P([X e-Xl > ¢6) =0.
e-0 n-» i e-0 n-w n,

It can be easily verified that many classical results for r.v.’s with one
index are applicable here for the ordered limit, such as: convergence in
probability implies convergence in law, Slutsky's Theorem, and the Central
Limit Theorem.

The first two lemmas provide the necessary and sufficient conditions for

the convergence in law of the fdd's of n 6J(t) as n — ® and then e — 0.

Lemma 1. For each fixed t # O,

J(t)
P - lim lim “'61 53 = 1.
e-0 n-m —I|XI$5 3 t'x dNn(X)

Hence all fdd’s of n eJ(t) converge in law as n ~— ® and then ¢ — O iff
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3

(5.5) Il 22N (x) = 2

It M3

= a2 (X% 1@ XX | < e)

converges in law, as n — ® and then e — O, and the former limit equals -t2/2

times the latter.

2

Since Xn converges a.s. to the finite mean of F, and ma” —3 0 by (1.0),

standard arguments enable us to delete i; in (5.5). Therefore all fdd's of

r
J(t) converge in law if and only if X = 3 XJ converges in law, where
n,e n,e j=1 M€

i .. 2.2 -1
Xne =n 2 ¥y I, |xJ| { €).

J ,
Note that {xn.e}ISJSn form an infinitesimal array of independent r.v.'s, so we
can apply Central Limit Theorem 4.7 in Araujo and Giné (1980) to obtain the

following characterization.

Lemma 2. i; e converges in law as n — ® and then ¢ ~» 0 if and only if

conditions (1.b) and (1.c) are satisfied. In this case the characteristic
function of the limit 22 is

¢ o(u) = exp{iuc® + 55 (e*-1)dv(x)).
z

Corollary. All fdd's of n eJ(t) converge in law if and only if (1.b) and (1l.c)

are satisfied, and the limit equals - %tzzz.

Note from (1.b) that v = O when mn/n is bounded, because the event

{ IXI < ea , |X| > a Jén/mn } eventually becomes null for any fixed positive

6, when e is sufficiently small. In this case 22 = 02 a.s., while in general

22-02 is infinitely divisible with Lévy measure v.
We now find necessary and sufficient conditions for the convergence in law

cf all fdd’s of Jn e(t)‘ It follows from (5.2) that the sample paths of
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exp{wn(t)} (or eXP{Jn.e(t)}) are characteristic functions of infinitely
divisible laws with Lévy measures the corresponding sample paths of Nn(x) (or
Nn(x)I(lx|>e)). We show in Lemma 3 that the convergence in law of all fdd's of
Jn,e(t) is equivalent to the convergence in law of all fdd’s of Nn(x). Hence
one can focus attention on Nn(x), which is much simpler than wn(t) and

essentially equivalent to a sum of independent random variables.

Lemma 3. Under Assumptions (1.0) - (1.2), the following are equivalent.

(1) For all k 2 1 and t,.....t, € R,

k

@~ gg r1111_‘2 (g e(t)s 3=1,00k) = (J(ty), 3 = L. k).

(1) For all k 2 1 and x,.....x,_ € R\{0},
(N(xg)0 3=1,....k) n-%m){N(xj). j=1,....k}.

(iii) Condition (1.a) in Theorem 1 holds.

Under any of these conditions, the limit in (i) is given by
r A0
J f (x)dA(x) if m /n —0,

J(t) = of, £ (x)dN(x) if m/n —c € (0,9),

0 otherwise,

-

vhere N is a Poisson random measure with intensity measure c—lk.

Notice from Lemmas 2 and 3 that at least one of n eJ(t) or Jn e(t) will
have a nonrandom limit, for all different choices of resample size m -

Therefore the sum wn(t) will converge in law when both of them converge.

Lemma 4: Under Assumptions (1.0)-(1.2), (5.4) is equivalent to the convergence

in law of all fdd's of _ eJ(t:) and Jn e(t)' and if (5.4) holds then
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log ¢H(t) g lim lim J(t) + lim lim J e( ).
€0 no 1 e0 nw

Proof of Lemma 1. Fix &6 > O. Then, for each n and e < 35/|t| we have

T —

. lelse (el™®-1-1tx + JaN_(x)| > & ‘rlxlse ét2x aN_(x) ]

Jt)

lelﬁé ;tzx dN (x)

-1

1 2 2

CPL I jpge 10X 00 > 8 5o 567N () ]

<Pl 1t2(;|t|e-—6)l JI‘ xszn(x) >071=0,

x|<€e

because [el® - 1 - ix + x2/2 | ¢ |x|%/6 for all x € R. 0

Proof of Lemma 2. We first verify that {Xi e’ 1{j<n} form an infinitesimal

array. Indeed for fixed e and & > 0, we have by (1.0),

1 -1 ™ -2.2
P(X, , > 8) = P(a; IX] S e. L 222 5 5) < P(IX| > avBu/m) =3 0

Now by Theorem 4.7 in Araujo and Giné (1980), 2§=lxg.e converges in law
(as n — = and then e — 0) if and only if the following three conditions are
satisfied:

(i) there exists a Lévy measure v such that for all 0 { 6 < u with
v{6} = 0 = v{u},

lim lim n P(5 < X $ u) = v(5,ul;
e=0 n—r°

(ii) for all & > O such that v{8} = O, there -xists a 2 0 such that

lim lim n E[X (X1

2
< 6)] = o
€0 n- n,e

]

(iii) there exists a € R such that
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1

lim Var[X (xn,e

50 e

Tin Tim n < 8)] = a2;
=0 n-»

in this case the characteristic function of the limit is

exp{iu02 ; 22 + Io(e oi)dv(€)).

where 02 = limalo a%, which exists since ag is monotonic (decreasing) =5 & i O.
Conditions (i) and (ii) are seen to be the same as (1.b) and (1.c) in

Theorem 1, and (iii) is implied by (ii) since

1 1 2 1 1 2
n E[xn.eI(Xn,e <8)]" < on E[xn,t—.I(Xn 3 < 8)] 533 606 SIS G .
e~

Hence a2 =0, 1i.e., the Gaussian component in the limit is degenerate, and the

limit has ch.f. as shown. a

Proof of Lemma 3. (ii) is equivalent to (iii): We will show that (iii) is

equivalent to
(5.6) (Nn[yl.m). Nn(-w,-yz]) converges in law for all ¥1+¥o > 0,

since the multivariate argument can be similarly carried out to achieve (ii).
Again by a standard argument, we can drop X; in Nn’ so for any Y1+¥g > 0,
€ R,

u;,u,
(5.7) Eexp{i (uan[yl ’ °°)+u2Nn(-°°, -Y2] )}
m
= Eexp{i :E 2?=1[u I(a Xj 2 yl) +u, I(a X < y2)]}

m
-1 -1
= [ Eexp(i > [u/I{a "X 2 ¥,) +u, I(a_'X < -y,)1} I°

= [1 + 2 { [exp(iun_/n) -1]P(a;1X2y1) + [exp(tugm /n) ~1]P(a_ 'X¢y,)} T™




Hence (5.6) is equivalent to
n[exp(iumn/n) -1]P(a;1X 2y) and n[exp(iumn/n) —1]P(a;1X < -y)

converging for all y > O, u € R, which is equivalent to (1.a). Therefore (5.6)

is equivalent to (iii). Moreover (5.7) converges to

exp{i[u\[y;.®) + ugh(-=,-y,]1} if m /n — 0,
exp{c—l[exp(iulc)-l]k[yl.w) + c_l[exp(iuzc)—l]x(—w,-yz]} if mn/n — c€(0,%),
1 otherwise. ‘

(i) _implies (ii): For simplicity of notation we prove (ii) is implied by

the convergence in law of all fdd's of wn(t).

From (5.2) we can write, with gt(u) = eitu—

1,
¥, (£) = I2, £ ()N (x)
= J5 (10X g (w)du] aN (%) + SO [-1tfD g, (u)du] &N (x)

= 163 g, (ON_[x.®)dx - 1tf0,g, (XN (~o,x]dx

(5.8) = 627, ™M (x)ax = ~e2(r),
where

SoN [u@)du, x>0,
(5.9) Mn(x) =

S N (-».uldu, x <O.

Thus w:(t) is the Fourier transform of Mn(x), which is piecewise linear,
continuous with compact support.

It is clear from (5.2) that exp{¢n(t)} is a (random) characteristic
function of an infinitely divisible law with (random) Lévy measure Nn’ and (i)
implies the fdd's of wn(t) converge in law to the fdd’'s of log ¢H(t) =: Y(t).

If the ¢n's were nonrandom or more generally if the convergence were a.s.
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instead »f in law, the convergence of their Lévy measures in (ii) would follow
immediately from classical results.

In order to establish (ii) in the current case, we apply the embedding
theorem of Skorohod (1956) to the wn’s and y, whose sample functions are in
C(R). In this special case of processes with continuous paths, this implies

that there exist stochastic processes {$n(t)} and J(t) on some probability

n21
space (ﬁ,g,ﬁ), such that: the fdd’'s of ¥ and ¢ are the same, and so are those
of $n and Yy for each n, and the sample paths of $n(t) and Y(t) are with

probability one in C(R) (therefore their corresponding induced measures on C(R)

are the same), and

(5.10) ¥, (t) 225 %(t)  for all t.

1'

Therefore there exists 51 C @ with ?(51) = 0, such that for all & € (\{l

(5.10) holds.

We will show that each $n has the same form as wn’ so that exp{$n} is the
characteristic function of an infinitely divisible law with Lévy measure ﬁn
having the same fdd's as Nn' Then (5.10) will imply a.s. convergence of ﬁn'
therefore the convergence in law of all fdd's of Nn‘

Since wn and $n have the same induced measures on C(R), in order to
establish that $n has the same form as v determined by (5.8) and (5.9), it
suffices to show that the inverse of the map that defines wn or w: from Nn via
Mn is measurable. We now proceed to discuss this.

We first formalize the two maps from Nn to Mn' and then from Mn to ¢;.
Let A (or N) be the set of all discrete signed measures (or discrete measures)
on R with finitely many atoms with the topology of weak convergence. Let ¥ be

the set of all functions that are piecewise linear with finitely many segments,

continuous, with compact support. ¥ is a measurable subset of C(R) with the
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uniform topology. Define T.: d — % by

1

I vlye)dy,  x20,
(Tlv)(x) =
f’_‘m v(-»,y]dy, x <O,

for all v € U. T1 is one-to-one and onto and its inverse T-l'lt F— Ad is
defined by (TIlf)(a,b] = {Bf)(b)-(Bf)(a), where B.B,q: ¥ — K(R) are given by

B0 = Um G160, B0 - = [EGerm-£ (0]

B is a measurable map since BTI is continuous for each fixed nn > 0. Therefore
T'l'1 is well defined and measurable.

The relationship (5.8) is the Fourier transform T2: CO(IR) — C(R), where
C(R) (or CO(IR)) is the set of all continuous functions on R (with compact
support). T2{CO(IR)} = T2{U:=ICO[-m.m]} = U:=1T2{Co[-m,m]} is a Borel subset of
C(R), since the sets CO[-m,m] of all continuous functions with support on

[-m,m] are closed subsets of C(R), and T2 is continuous on each CO[—rn,m] as

ITo(£1)-To (£ § SIE, (x)-F5(x) ldx < 2m UE -£ M.

Hence we can define the inverse map T;lz TZ{CO(IR)} - CO(IR) by

~14 .1 ™ —itx % 122 2

(T3 £)(x) = Lim 5= [ e X £(t)exp{- 50- £}t =t lim (A £)(x).
0-0 o-0

for each f € T2{CO([R)} (see e.g., Rudin (1966), § 9.7). ’I; is Borel
measurable since each map Aa is continuous on T2{CO(IR)}:

4 A I W) 122 14 2

A (£,) = A (£)1, < Ifl—lelm o § o exp{- 507t7}dt = 5= ME ~E l,,

Therefore we have
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T T
1 2
N cu [EI 5 cc® [ITL Ty{CuR} © CR).
= 1
T T
1 2

Then B = To{T, (#)} = (T;l)_l{(TII)-l(N)} is a measurable subset of C(R). Since

the paths of all ¢§'s are in B with probability one by (5.8) and (5.9), we have

D.

1=Po\p (B) (B),

which implies $*(°,$) belongs to B a.s. (P). Thus there exists 50 c @l with

P(Q ) = 0, such that for all w € Q\QO. we have

~

R(-.8) = 115 [In(.0)]} €4, n=1.2...

wn(t) = Ift(x)dNn(x), n=1,2,...
Therefore for all w € Q\(Q U ) and all t, we have

(5.11) exp{Jf AN } = exp(¥ (1)} 2 exp(¥(1)}.

Applying the classical result, the Lévy measures ﬁn of exp{$n(t)} must
converge a.s. (P) to the Lévy measure N of exp{$(t)}.
Now notice that Nn and ﬁn have the same fdd’'s because for all Borel

subsets A of K(R)

B e a) = B@ erzh ™ Hah T wn = pl erphHATH A = pave 4).

Therefore for all XiseoosXy € R\{0O},

M Ge)o N ) £ R ) M0 22 @), )

n

H

which implies (iii) by the previous argument. Hence N = N for some Poisson

random measure N with intensity measure A. Since N is a random Lévy measure,
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1 2 > 1.2
I—l x“dN(x) < @ a.s. (P) and thus f_lx dN(x) < @ a.s. (P). Therefore the form
of its ch.f. implies that Iilxzdk(x) { ®, and hence A is a Lévy measure.
(ii) implies {i): We write

Jn’e(t) = lelzn ft(x)dNn(x) + fM)leZeft(x)dNn(x) =: Jn,M(t) + Jn,e,M(t)'
For the first term we have

lJn,M(t)l < 2Itlflx|2M ledNn(x)

L W -1y =
= 2|t] jzl —a_ IXJ-an I(a lxd-xnl > M)

~ 2 ™M -1 -1 o
= 2|t] le —a_ |xJ| I(a_ |xj| > M) = 2]|t| 321 ¥ou

because by a standard argument we can drop the sample mean. {Wg M}g-l is an

infinitesimal array as n - ® and then M - ®, since for any § > 0,

p(w!

a8 = B( IX| > a M, IX| 2 6a n/m ) ¢ P(JX]| 2 a M) = 0.

Therefore, applying the degenerate version of the C.L.T. (Loéve (1977),

p. 329), we have

n
(%) P-limlimEanzo
M- n-o j=1 n,

if and only if the following three conditions are satisfied:

1 1
(2) lim lim n E[W M I(W M €8)]=0 for some & > O,
M- n-»o n, n,

(b) lim limn P(W. \ > 8) = O for all 6 > O,
M- n-xo n,

1 1
(c) lim lim n Var[VW M I(wW M {8)] =0 for some & > 0.
M0 -0 n, n,




It can easily be verified that (a) and (b) are equivalent to assumptions

(1.1)-(1.2), and (c) is implied by (a) due to:
Var[WL (WL < 8)1 S ELWE \ TOW o < 8)1% < 6 BV, I(WL < )]

It follows that (%) holds. Hence the fdd's of Jn,e(t) converge in law (as n-»
and then e - 0) if and only if those of Jn,e.M(t) do (as n-», then ¢ - 0, and
then M » ®), and their limits are the same.
Now f t:(x) is continuous and bounded on [-M,M] for each fixed M > O, hence
the convergence in law of ail fdd’s of Nn implies that of Jn.e,M as n = o,
e 20, and then M - =
¢

4 L
J (t) == [ f dN J fdN = J(t). 0]
n,e,M n- 6S|XI<M t eTIO’ le(M t M—x0

Proof of Lemma 4. (5.4) implies the convergence in law of all fdd's of N, and

hence of Jn c (Lemma 3). Notice

e

¥ (t) 29 (1) = = o J() + T (1),

S + )£ dN
lxISe |x|>e tn '€

where the fdd’s of $n(t) converge a.s. (P) to those of ¥(t) (see Lemma 3).
Since ﬁn converges a.s. ('I\") to N, the Lévy measure of exp{$(t)}, jn,e(t) will
converge a.s. (P) as n — © and then ¢ — O because ﬁn(x)I( [x] > €) is again a
Lévy measure for fixed ¢ > 0, and

lim lim "‘fn 6(t:) = lim [ ftdﬁ = J'ftdﬁ a.s. ().
e0 n e0 |[x]e

Therefore n,e‘](t) = \Iln(t) - Jn,e.(t) converges a.s. (P) as n — © and then

e — 0 to ¥(t) - J'ftdﬁ. (Note $(t) may have a random Gaussian component

- %—tzaz(w) which distinguishes $(t) from Iftdﬁ). Furthermore,

e

|x|$efthn lelsefthn =0,V

RO
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since Nn and ﬁn have the same fdd's for all x € R\{0}, and ft(O) = 0.
Therefore the fdd's of n,eJ(t) must converge in law.

Conversely, if the fdd's of n.eJ(t) and Jn,e(t) converge in law, then so
do those of their sum n.eJ(t) + Jn.e(t)’ since: In each of the two mutually
exclusive cases (i) mn/n — ¢ € [0,0), and (ii) otherwise, either n.eJ(t) or
Jn,e(t) converges in law to a nonrandom limit, and therefore converges in
probability, thus ensuring thLe convergence in law of the sum by Slutsky's

Theorem. o
5.2. PROOFS OF THEOREMS 2-8.

Proof of Theorem 2. Since for each fixed x € R, 1Hk (x) H{x), and

0¢< 1l‘lkn. H <1, it follows that EHn(x) = EIH'kn(x) — G(x). On the other

hand, by the inequality of Hoeffding (1963), for all ¢ > O,

P(I_(x) - EE ()| > €) = P(| 4 z“[ﬂkcx) EH (0]] > e)
njl n

S 2exp(-26_€} ¢ 1/n°,

for sufficiently large n. The Borel-Cantelli Lemma implies a.s. convergence of

ﬁn’ and uniform convergence follows in the standard way. o

Proof of Theorem 3. Put x(t) = 1-F(t)+F(-t) for t > O.

(i) a = 2. We have (Feller (1966), p. 545)

(5.12) im —tX(8) =22 _,
e» EXCI(JX] ¢ ©)]  ©

Case (a): mn/n —c € [0,0). (1l.a)-(1l.c) imply

m Xx(a,y) 0552 Ay.®) + A-=.-y],
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- 2 - 2
mnan2E[X I(|X] ¢ ean)] = mnan2L(ahe) > -
e0
= —2L 2
These imply A = 0 by (5.12), and ma (an)~—» o~ (20).
Case (b): mn/n — ®, Put bn = anﬁmn. Then bn — o by (1.0). Also

(1.a)-(1.c) imply for all & > O, m((bn\/g) — v(8,»), and

2 ~2ex21¢ v “21(b VA n nb-2L(b v5) =lim nb-2
o5=limm a I{|X| ¢ b V6 )=lim m_a “L(b_v5) =lim nb_“L(b_v5) =lim nb_“L(b_).
6 P n o DD n nxe D n aw P n

= —2L 2 .
Again using (5.12), we have v = 0, and nbn (bn) e O 2 0. In either case,

H is Gaussian.
(i1) 0 C a < 2. Case (a): mn/n — ¢ € [0,0). (1.a) implies

mn(yan) aL(any) converges for all y > 0; thus mnanaL(an) — constant (2 0).
Case (b): mn/n — o, (1.b) implies n x(bn\/g) X (cl+c2)n(an5)_aL(bn\/5)

converges for all & > O. 5]

Proof of Theorem 4. By Athreya (1987a),

9g(t) = Eexp{J_,, £ (x)aN(x)}.

where N(A) = N'(AT), N' is a Poisson r.m. with intensity }\a’ and T is the last

jump of N'. Hence
#6(t) = exp(f (1)} Bexp(f_, 1yf (x)AN(x)} = exp{f (1)} ¥(t).
It can be shown that, given 7, N is a Poisson r.m. with intensity measure
Aa(xr) = 'r_ai\a(x). and that 7 has max-stable distribution for which

~1

Bexp{ur ) = cja [g exp{(u-c)y "} ¥ % ey = [1-¢; u] ™"

if Re(u) < ¢ Hence

o(t) =E[E {exp{(_£ l)ft(X)dN(X)} | 73]
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= E exp{r UL, [exp(£, (x)}-1] dr (x))

-1, -1
=[1-c S, [e(f, (x))-1] ar (x) 17,
since the real part of the last integrand is { O < C;- o

Proof of Theorem 5. In this case, Athreya (1986a) showed
o(t) = exp{Jf (x)dN(x)},
vwhere N is a Poisson r.m. with intensity Aa. Therefore
og(t) = exp{ I, [exp{f (x)}-11dA (x) }.
Vhen 1 < a < 2, we find

“logeg(t) = ale,ff + cpf01(1 - exp{f (x)}) " I“"‘

alt]a C clfg {1 - exp[cosu -1 +i{sinu- u)sgn(t)] }—%%E
u

+c f {1 - exp[cosu -1-i(sinu - u)sgn(t)]} ;+a 1
a b °17%
= |t} a(cl+c2)[1 -1 7o sgn(t)],
172
where
a=a f [1 - exp(cosu- 1)cos(sinu ~ u)] 1+a '
b=a fg exp(cosu ~ 1)sin(sinu - u) u?:a .

Integrating by parts and then using the series expansion of exp{eiu}, we obtain

a

r(2-a) k

a - ib = (a-1)e { -2 cos %I-- exp(i )[ E TE:TST'— 17 },
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hence b/a = tg(an/2)d,(a). Since a(°1+°2) = sdl(a), B = (cl—cz)/(cl+02).

s = (cl+c2)F(2-a)|cos(aw/2)|/(a—1), it follows that

oo(t) = exp{ -sd (@) |t|*[1 - 1pdy(a)tg(an/2)sen(t)] }.

-iaw/2r

The proof for O { a < 1 is similar witha - ib=e (l-a)dl(a).

~

A Va
Proof of Theorem 6. If a = [n,dl(an)] m ' then we have

Ve, ~1/a

a ! nl/a = exp{ (aan)_l(an-a)log n}d; Na) i d1 (a),

n

for dIl/a(a) is continuous over (0,1). Therefore, for A = [x,®), we have

PIN (A) = k] = p[a;ll(xn’n_kﬂ—in) 2x.  all(X

n,n-k xn) <x]

P[afl nl/a n—l/cz(X

-1 n1/a —1/a(
n n,n-k+1

- §£) 2 X, a, n xn.n-k - ig) < x]
—32 P(N(A) = k),

by Slutsky's Theorem, where N is a Poisson r.m. with intensity Aadzl(a).

Therefore it can be shown (see Proposition 1, Athreya (1987a)) that

P - lim lim J(t) =0, P - lim lim J M(t) = 0.
e0 nw ™6 Mo pxo

v (t) =5 f£ (x)dN(x),

and similarly for their fdd’s.

Applying the proof of Theorem 5, we find
po(t) = exp{ ~sd] (a)d;(a) |t|*[1 - 1pta(am/2)sgn(t)] }-

Proof of Theorem 7. Since X = X*- X~ is in D(S(a.B,s))., it follows that

o
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Z = b'X"*- bX is in D(S(a.By.5,)). where

+ - + -
(c,b -czb )/(clb +c2b ) = B/dz.

By = (eg

Sz s(c1b++02b-)/(cl+c2) = s(l—ﬁz).

Note that
o () = {1+ 330 £ lalz,Z)] )
n

converges in law if and only if
-1 -
(5.14) z?=1 £.[a (2,7Z)]

converges in law. Notice {Z D are no longer iid due to the estimates o and
J'i=1 n

A

Bn' which depend on the entire sample !Xn. Hence we must show that (5.14)
asymptotically behaves as when a and B are known; then we can handle the

problem similarly as in Theorem 5. The arguments are as follows.

Z

tot o
on = b Xn -b Xn' Then using

++ -
LetZOi=bX1—in,

|ft(x)-ft(y)| < 2|t]|x-y], and writing 1;: for bi(;n.[;n), we have

| 2?:1 fc[agl(zj'zﬁ)] B 2?:1 ft[a;I(ZOj“zbn)] |

-1 - -
< 2|t] 2?=1an lzj-zn-zoj+zOn|

1,00+ 4+ + ot o -
< 2]tla (b -b"] 2?=1|xj—xn| + |7 | z?=1 lxj—xnl}
-1 1oy ~1/a, |0+  + + . p- - -
(5.15) $fa n'%]n *(lb -b"| z’j‘ﬂxJ + |b-b |E§=1Xj} 4]t| .

The first factor converges in probability to [dl(a)(l-—ﬁz)]-l/a using a similar
argument as in Theorem 6.
When 0<a<1, the terms |b:;—b+|. [b;-b-l converge in probability to O

A ~

because a ., B, are consistent and bi(a.ﬁ) are continuous; and the terms




34

n-l/a2§=1X;. n'l’”z§=1x3 converge in law since X+.X- also belong to a domain of

attraction (with the same index a).
¥hen 1<a<2, the terms n-lzn *

X
. =1
l-l/alb;—b+|, nl—l/alb;-b—l converge to zero in probability since

n‘lz?_lxg converge a.s. by the SLLN; and

the terms n

bY-b" = —L—{ [1-p-B_-d,(a )1(B_~B) - B(1-B)[dy( )-dy()1/dy(e) },

'd2(an)
b-b” = - (5 . ~[14B+B_~dy(a )1(B,-B) + B(1+B)[dy(a )-dy(a) 1/dy(a) }.
2''n
~a 1-1/a

ah,ﬁn are consistent estimates of o, with rate n , and d2(') is

differentiable on (1,2).

Therefore (5.15) converges to zero in probability, and (5.14) converges in |

. -1 =
law if and only if 2?=1 ft[an (ZOJ-ZOn)] converges, and they have the same

limits. We can now use arguments similar to those in Theorems 5 and 6 on

{z

Oj}?=1 to establish the result. D

Proof of Theorem 8. Suffiency of both (i) and (ii): Assume F € D(S(a,B,s)),

or Dp(S(a,B.s)) when mn/n — 0.
Case (1): mn/n — ¢ € [0,9). Then by Theorem 3, (1.3) implies that

lim mna;éL(an) = d for some d 2 0, and G = H, which is normal with 02=d(2,c)
n—xo

when a = 2; while when 1 # a € (0,2),

02 = lim lim m a2 E[X2I(|X| {ace)]
e0nw 0 n

= lim lim m a"2 (a 6)2_aL(a e) = lim e2—a lim m a—aL(a ) =0.
0 pwo B 1 n n =0 N n

Also by (1.a),

AMy,®) = limm P(X > ya ) = lim c,m_(ya )—aL(ya ) =c dy &,
nxo D n 0 1"n%"n n 1

and similarly A(-,-y] = c2dy—a. so that A = dAa. Hence by (1.5),



exp {df_,, £ (x)dN (x)} if m /n — 0,
oe(t) =

exp{de™ 7, [exp{ct,(x)}-11a\_(x)} if m/n — c € (0,0);
exp{-dsltla[l - iptg(an/2)sgn(t)]} if mn/n‘—% 0,

exp{-dsdl(a.c)ltla[l - 1pdy(a,c)tg(an/2)sgn(t)]} if m /n — c € (0,%);

using arguments similar to those in Theorem 5. In fact Theorem 5 is a special
case of Theorem 8 withc =1, d =1, dl(a) = dl(a,l), and d2(a) = d2(a,1).

Case (2}): mn/n — o, Then by Theorem 3, lim nb;éL(bn) = d for some d 2 O,
n—

vwhere bn = anv57mn . Moreover G = H is normal with 02 = d(2,c) if a = 2, while
when 1 # a € (0,2) we have from (1.b) (with 0<6<u such that v{6} = 0 = v{u}),
v(5,u] = lim limnP(b\/_< IX] ngJ)
€0 n-w
- - a/2_ -a/2
= lim (c +co)n[(b vB) “L(b vB) ~ (b Vi) “L(b V)] = (e +ey)d(8 ).

b o

Condition {l.c) can be written as

lim 1im m a 2E{X I(|X] ¢ b Vr)}

e~0 n-=m™

(=]
i

lim nb_2 (b v6)2™L(b_vE) = 62 Lim nb_"L(b ) = a2 — o.

n-x n-xo
Therefore by (1.5), ¢G(t) = Eexp{- %t2W}, where

itx dx
-1) 1+a/2 b

py(t) = exp{ d(cyre)E 17 (e
which is the ch.f. of S(a/2,1,ds). Hence it follows that

pe(t) = exp {-|t|%sa/[2*%cos(an/4)]).

Necessity of (ii): mn/n ~> 0. If a =2, it follows from the expression of 2q
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in (1.5) that A= 0, i.e., fory > O,

-1 -1
mnP(an X>y)—o0, mnP(an X <(-y)—-0.

Also there exists 02 such that

o2 = lim lim m a2 E(x> I(|X| < ea)}.

€-0 n-xo

Hence F € Dp(S(2,0,s)) (Ibragimov and Linnik (1971), Eq. 2.6.12-2.6.13, and
Feller (1971), p. 555).
If 1 # a € (0,2), then 02 = 0, and A is the Lévy measure of an a-stable

law, which means there exist constants 1+ Cq 2 0, such that

ALy,®) = ey 00 A(=2,-y] = ey
Thus by condition (1.a),
lim m P(a~1X >y) = cly-a, lim m P(a—IX (-y) =
qwe B D P e
and by (1.c),

lim lim m a 2 prx2 I(lxlgea)]—a = 0.
€~0 n-»

Again these imply F € Dp(S(a,°.°)) (see Ibragimov and Linnik (1971), Egs.
(2.6.3)-(2.6.5) and Feller (1971)).

Necessity of (i): Case (1): mn/n — c € (0,2)., The argument for a = 2 is as

in the necessity of (ii). Now if G is a-stable with 1 # a € (0,2), then by

(1.5),

- %¢202 + c_lf:m [exp{cf (x)} - 1]d\(x)

¥(t) := log ¢,(t)

~|t|%s{1 ~ iBtg(am/2)sgn(t)}.

2

First we show that ¢ = 0. For t > 0, we have

2-a 2

{5.16) tT o+ cnlt_aftm{l - exp[c(costx~1)] cos[c(sintx-tx)]} dA(x) =

o=
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Since 1- exp[c(costx-~1)]cos[c(sintx~tx)] 2 O for all t,x € R, and s € (0,»),

letting t — @ in (5.16) implies 02 = 0, for t2—a—e'w. Now exp{y(t)} is the

1/a

ch.f. of an a-stable law, therefore it satisfies ny(t) = y(n"""t), i.e.,

n J% [exp{cf (x)} - 1] dA(x) = S [exp(ef (x))} - 1] A(x %),

where A(x) = A[x,®) if x > 0, A(-»,x] if x < 0. Therefore n A(nl/ax) = A(x).

By the monotonicity of A, we can conclude that A(y) is proportional to yp.
-0{p{+», (Feller (1971), VIII 8, Lemma 3), and p has to be -a. Therefore
F € D(S(a,*,*)) by using similar arguments as in the necessity of (ii).

Case (2): mn/n — ©, Since G is stable, and (1.5) implies that it must

be symmetric, we have

E exp{- 5 t2(c>¥)} = exp{ -s_|t]%},

which implies 02 + W~ S(a/2.1,sl). since the left hand side is the Laplace

transform of a2+ ¥ at t2/2. Therefore

Eexp(it(c® + W)} = exp{ito® + J§ (e!™-1)dv(x)} = exp{-s, |¢|%}.

Hence 02 = 0 and v is the Lévy measure corresponding to S(a/2,1,sl), i.e.,

lim n P([X] > ans) = c(vﬁ)—“.
n=o

and with a similar argument as in Case (1),

0 = o® = lim lim nb_2 E[X* I([X| < b V5)].

60 n-xo

Hence F|X| € D(S(a,*,*)), which implies F € D(S(a,*,*)) since

2
F € D(S(a.+.*)) iff tx(t) , 22

E[X2I( JX|<t)] two ©

(see Ibragimov and Linnik (1971), Theorem 2.6.3).
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